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Abstract 

We study the effect of background fluxes of general Hodge type on the supersymme- 
try conditions and on the fermionic zero modes on the world- volume of a Euclidean 
M5/D3-brane in M-theory/type II B string theory. 

Using the naive susy variation of the modulino fields to determine the number of 
zero modes in the presence of a flux of general Hodge type, an inconsistency appears. 
This inconsistency is resolved by a modification of the supersymmetry variation of 
the modulinos, which captures the back-reaction of the non-perturbative effects on 
the background flux and the geometry. 
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1 Introduction and Summary 



Recently, there has been a lot of progress in the investigation of KKLT-type models [1]. 
On the one hand, specific examples of candidate models have been constructed [2, 3]. 
On the other hand, the generation of a non-perturbative superpotential which may serve 
to stabilize all Kahler moduli has been investigated in much detail. The recent research 
in this line extends the earlier work of Witten [4] by taking into account non-vanishing 
background fluxes [5, 6, 7, 8, 9, 10] and working out the conditions for the generation of 
the superpotential directly for type J/5-orientifolds without the detour of analyzing the 
M/F-theory case first [11, 12, 13]. If M5/D3-brane instantons wrapping a divisor in the 
compactification manifold are the source of a possible non-perturbative superpotential, 
the analysis involves deriving the Dirac equation in the world-volume of the M5/D3- 
brane and studying the structure of its fermionic zero modes. So far, only the case of the 
background flux being of Hodge type (2, 2) in M/F-theory, or (2, 1) in type iFF-theory 
has been considered. 

The present letter resolves a seeming puzzle concerning the fermionic zero mode struc- 
ture in the presence of background fluxes of general Hodge type. As has been shown in 
[14, 15], the conditions for a supersymmetric background flux obtained from the min- 
imization of the effective four-dimensional superpotential change in the presence of a 
non-perturbative term. The supersymmetric flux is no longer of Hodge type (2, 2) (resp. 
(2, 1) for type I IB), but receives contributions of all Hodge types. We will show that, 
if one now, guided by this result, plugs a flux of general Hodge type into the zero mode 
conditions obtained from the Dirac equation, an inconsistency arises: If with (2, 2)-flux, 
the conditions for the generation of a superpotential were met, this is no longer the case 
for general flux. 

As we explain in the following, this apparent mismatch disappears after the introduc- 
tion of a modification of the supersymmetry variation of the modulino, which basically 
captures the back-reaction of the non-perturbative effects on the background flux and 
the geometry. 

This paper is organized as follows. In section 2, we discuss the supersymmetry con- 
ditions on the background flux as obtained from the effective potential as well as from 
the supersymmetry variation of the modulino. In section 3, the fermionic zero modes 
on the world-volume of F3/M5-branes are analyzed. First, we study the conditions on 
the zero modes originating from the Dirac equation in the presence of fluxes of general 
Hodge type. We find a modification from the case of pure (2, 2), (respectively (2, 1)) flux. 
To further elucidate the effect of allowing general background fluxes, the concrete exam- 
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pie of compactification of M/F-theory on K3 x K2> is presented. If a pure (2, 2)-flux is 
turned on, a non-perturbative superpotential is generated. If, on the other hand, we allow 
other Hodge components, which a supersymmetric flux solution in the presence of a non- 
perturbative superpotential requires, all zero modes are lifted and no non-perturbative 
superpotential is generated. Thus, an obvious inconsistency arises. 

In section 4, we set out to resolve the puzzle. We find that the non-perturbative 
superpotential must be included into the susy variation of the 11-dimensional gravitino 
field after compactification, which in turn determines the Dirac equation and therefore 
the number of zero modes. Like this, the (4, 0)- and (3, l)-parts of the flux are balanced 
by the contribution from the non-perturbative superpotential, and the number of zero 
modes remains the same as for (2, 2)-flux. 

2 The supersymmetry conditions 

In this section, we will study the supersymmetry conditions for the low energy theory 
arising from string compactifications in the presence of background fluxes and due to 
non-peturbative effects. We will first obtain the susy conditions by minimizing the ef- 
fective potential and then by analyzing the spinor conditions. We work out the case 
for IIB compactification on Calabi-Yau threefolds and then briefly discuss M-theory 
compactification on Calabi-Yau fourfolds. 

2.1 Effective Potential 

We first consider the compactification of type IIB theory on a Calabi-Yau threefold. 
The resulting low energy supergravity action is given by 

S = f d^-^g {R + g^d^z*} + V eff + S„ . (2.1) 

Here, we used a condensed notation: The indices {A, B, ■ ■ •} = {i, I, r} denote both the 
complex structure moduli {i}, Kahler moduli {/}, and the complexified axion-dilaton 
field r. S gaU g e denotes the gauge field dependent part of the action. The effective potential 

V e ff = \e K (g AB D A WD^W - 3\W\ 2 ) (2.2) 
is given in terms of the total superpotential 

W = W flux + W np (2.3) 
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and the Kahler potential K. Here Wf iux is the flux superpotential [16] 

W flux = Jg 3 AQ 3 , (2.4) 

and W np is the superpotential arising from nonperturbative effects. Q 3 is the holomorphic 
(3, 0)-form on the CY space and 

G 3 = F 3 - tH 3 , (2.5) 

F 3 and H 3 being the RR and NS field strengths, respectively. The flux superpotential 
depends only on the complex structure moduli. We assume the nonperturbative super- 
potential to depend on the Kahler moduli only. 

The supersymmetry preserving minima are obtained by solving the equations 

D A W = . (2.6) 

It is well known that in the absence of a nonperturbative term, W = Wfi ux , the condition 
(2.6) requires G 3 to be of type (2, 1) and primitive [17]. For W np 7^ 0, this is no longer 
true [15], and G 3 acquires non-vanishing (1,2), (3,0) and (0,3) parts: 

/ G 3 A x? ,1] + diKW np = , 
jG 3 An 3 djK + DjW np = , 

J G 3 A n 3 + W np = . (2.7) 

The primitivity condition G 3 A J = 0, being a D-term condition, remains intact despite 
W np . Here xf ,V> 1S a form of type (2, 1). 

We can similarly obtain the susy conditions for M-theory compactification on a Calabi- 
Yau fourfold. The flux superpotential is now given by [18] 

W flux = J G 4 A n 4 . (2.8) 

Here, G 4 is the four-form flux present in 11-dim. supergravity theory and ^4 is the 
holomorphic (4, 0)-form on the CY fourfold. The susy conditions take the form: 

JG 4 A xS 3,1) + diKWnp = , 

J G 4 A fi 4 diK + DiW np = . (2.9) 

In the following subsection, we will show how the above conditions can be derived from 
the modulino variations. 
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2.2 Spinor Conditions 



Now, it is important to remember that the BPS susy variation of the gravitino is equiv- 
alent to solving the susy conditions in the effective field theory, as discussed in [19] for 
M-theory on a fourfold, in [20] and in [21] for type II B on a CY threefold, and also by 
[22] for the heterotic string. Thus we must modify the spinor conditions accordingly in 
order to obtain the susy conditions eq.(2.7) in II B theory and eq.(2.9) in M-theory. In 
what follows, we will first review the spinor conditions in the absence of W np , and then 
consider the generalization when W np is included. 

Let us first consider the situation in I IB theory. This has been worked out in [21]. 
The supersymmetry variations can be summarized as follows: 

k5% = dre-±w m (d m \nZ-4KZr*d m h)e+±K>y li Ge*, 
K5ip m = [r> m - l -Qrr}j e + ^ed m In Z - ^K,^ m Ge* - ^K,G<y m e* , 
k5\* = -i^P^e + ^KGe*. (2.10) 

The first equation is the supersymmetry variation of the four- dimensional gravitino field. 
Second, 8ip m corresponds to the variation of the internal gravitino. After compactifi- 
cation the internal gravitino degrees of freedom become in the effective 4D field theory 
the modulino fields, i.e. the fermionic superpartners of the Kahler and complex struc- 
ture moduli fields. Concretely, the modulino equations which one obtains by dimesional 
reduction (see appendix) are 

= ~l G lJ* - ^ge-aGlJ* , i = l,...,h™, 

= ~^G- b t, 7 = 1,...,/^), 

where £ is a four dimensional supersymmetry parameter. Finally, 5ip m indeed comprises 
the supersymmetry variations of all modulinos, namely it leads after compactification to 
ft<i,i + ft<2,i independent spinor equations, which we call modulino equations. Finally, 5\* 
is the supersymmetry variation of the four-dimensional dilatino. In these equations, we 
use the same notation as [21]. In particular, G = |G rnrip 7 mnp , Z is the warp factor, D rn 
is the covariant derivative with respect to the internal metric, h is related to the RR 
four-form field, h = C0123, and 

P m = fd m B , Q m = f\m (Bd m B*) , 

1 -I- IT 

B = — - , f- 2 = 1 - BB*. (2.12) 

1 — IT 



The conditions (2.10) can be solved to show that G 3 is of type (2, 1) and primitive. 

Clearly, the explicit dependence on the superpotential Wfi ux and its covariant deriva- 
tives is not apparent in the modulino variations (2.11). We need to make this precise, 
in order to generalize the above formulae in presence of W np . Since we are interested in 
the G3 dependence of the variations, we can as well ignore the effects of warping and the 
five-form flux, and also set the complexified axion-dilaton field to constant. 

It is now easy to introduce the flux superpotential in the above equations. Note that 



D T W flux = djK J G 3 A fi 3 =► G^ c = esr^lp " ( 2 ' 13 ) 



Substituting the above into the modulino variations, we find 



i i 

16 c 

i_ _ 1 DiW flux 



(2-14) 



Similarly, using 



we find 



G^c = -^c(r-r)D T W flux , (2.15) 



= ~ r)D T W f U . (2.16) 

For covariantly constant spinors, we recover the susy conditions 

DiW flux = DjW flux = D T W flux = . (2.17) 

Now, it is easy to generalize the spinor variations in presence of the non-perturbative 
superpotential. We simply replace Wf Xux by W = Wf Xux + W np . The variation equations 
then become 



5 €ab = -^eYcDiW - -g^e-aG^ , 

ci i 1 DjW 

= -— e- 



e\ab 16 eab > 

= -\^dr-r)D T w. (2.i8) 

We clearly see that, for covariantly constant spinors, the first of the above equations 
implies the flux to be primitive and in addition DiW is zero. The second and third 
equations then imply that DjW and D T W are zero respectively. Thus we recover the 
susy conditions 

DiW = DiW = D T W = . (2.19) 
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We now proceed to work out the modulino transformations in M-theory in presence 
of W np in a similar fashion. This has been analyzed in [19]. We will first express the 
variation equations in terms of the flux superpotential, and then generalize it to the case 
of W np 7^ 0. Consider first the internal gravitino variation without W np : 

5^ m = V m £ + ^i nvq G mnm i . (2.20) 
By dimensional reduction we obtain (see appendix) 

= \{G ebrd g b ~ d ) k i, fe = l,...,^ 1 ' 1 ), 

= ^<hd> I = l,...,h™. (2.21) 

By solving the susy conditions, we get in general h^i equations for the complex structure 
moduli and equations for the Kahler moduli. The same conditions should be repro- 
duced by setting 5(f) 1 and 5(f) 1 to zero. There are h 3,1 fluxes of type (1,3). The (0, 4)-flux 
is a solution of h 1,1 independent equations. Because of these reasons, it is natural to 
say that for every G ab -^ and every G-^g (same coming from h 1 ' 1 equations), the 

variation of the gravitino should be zero. 

There is no / on the r.h.s. This emphasizes the fact that the h 1 ' 1 supersymmetry 
conditions are degenerate in the (0,4)-flux. Using 



DiW flux 

and 



/ G 4 A xh = G^ d (2.22) 



DjWfln = djK J G 4 A fi 4 = djKG^e ebcd , (2.23) 



we can immediately rewrite (2.21) into 



W k e - C = \(G e ^9 b ~ d ) k i, k=l,...,hM 
^ = ^effiA^, i = l,...,h<™ 



eabc 24 

,/_ J_ DiWfi ux 

e\abc 24 €eabc diK 



-I, I=l,...,h^. (2.24) 



The supersymmetry conditions and the primitivity condition are reproduced by setting 

t> k , 5(f)'\ 5(f) 1 to zero. 



This gives immediately 



9 ad 9 b ~ c G ebrd = , 
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D t W flux = 0, i = l,...,h 1 ' 3 , 

DjW flux = 0, / = l,...,/ l 1 ' 1 . (2.25) 

These equations correspond to the primitivity conditions on G 2 ,2 and the vanishing of 
Gi >3 and G 0A . 

In the next step, we would like to make a proposal for the form of the additional terms 
of the supersymmetry variation of the modulinos in the presence of the non-perturbative 
term W np . The supersymmetry conditions which should be reproduced, change to 

DiW = DiW flux + D t W np = , 

DjW = D T W flux + DjW np = . (2.26) 

From (2.24), we immediately see that the variation of the modulinos should be changed 
to 

= \{G eh - d g b ~ d ) k i , k = l,...,h™, 



24 

e\abc ~~ 24 €eabc djK 



i, 1 = 1,..., hP>Q . (2.27) 



3 Conditions on the zero modes from fluxes and the 
non-perturbative superpotential 

The non-perturbative superpotential may be generated via gaugino condensation or via 
instanton effects or both. Here, we will concentrate on the case of instantons. In type I IB 
theory, they correspond to Euclidean D3-branes wrapping divisors of the CY threefold, 
whereas in M-theory, they come from Euclidean M5-branes wrapping divisors of the 
CY fourfold. It has been pointed out by Witten [4] some time ago that the necessary 
condition for an M5-instanton to generate a superpotential is that the corresponding 
divisor has holomorphic Euler characteristic equal to one. This provides a stringent 
condition on the possible CY fourfolds [23]. For type II B compactification on a Calabi- 
Yau without the orientifold projection (without flux), the index is always zero and hence 
no superpotential is generated due to instanton effects [11]. It has been argued recently 
[24], that the index might change in the presence of flux. An explicit example has been 
constructed to show that some of the wold-volume fermion zero modes are lifted due to 
flux [6]. Subsequently, a generalized index formula was derived in M-theory [7, 8], as well 
as in type II B theory [11]. However, these results are based on the assumption that the 
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flux is primitive and of type (2, 1) in type I IB, or (2, 2) respectively in M-theory. As we 
have already discussed, the supersymmetric flux no longer remains (2,1) (resp. (2,2)) 
in presence of the non-perturbative superpotential. In this section, we will analyze the 
fermion zero modes on the world volume of /}3/M5-branes in the presence of general 
flux. 

3.1 General fluxes 

The fermionic bilinear terms in the D3-brane world-volume action in presence of back- 
ground flux have been derived in [25, 6] by using the method of gauge completion, and 
also in [26, 27, 9] from the M2-brane world volume action using T-duality. Upon Eu- 
clidean continuation and by an appropriate gauge choice [11], the Lagrangian takes the 
form 

L m = 2y / det7 9 {e"VV ra + \c mnpl mn ^ 9 . (3.28) 

Here m,n, . . . are directions along the brane and p stands for directions transverse to 
the brane. As always, we turn on the three-form flux only along the directions of the 
internal manifold. Also for simplicity, we set the flux F 2 due to the world-volume gauge 
fields to zero. G is defined to be 

G mnp = e~*H mnp + iF' mnplb , (3.29) 

with F' = dC 2 — C H 3 . The Dirac equation, obtained from the above action, reads 

{e"VV m + l -G mrvpl mn ^ 9 = 0. (3.30) 

Locally, we can express the internal metric as 

ds 2 = g ai dy a dy b + g zZ dzdz , (3.31) 

where a,b, . . . are complex coordinates on the D3-brane and z, z are directions transverse 
to the brane. We define the Clifford vacuum to be 

Y\Vt >= 7 a |fi >= . (3.32) 

The spinor 9 can be written in terms of positive and negative chirality spinors as 9 = 
e + + e_ with 

e+ = 4>\n>+<hn*\n>+<hff 5 \n>^ 

e = ^~\n> +<p 1 ^ 1 in \n> +^ abz \Q> . (3.33) 
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Substituting this into the Dirac equation, we find 

e-<t>2g™d a <fa+ 2ig z ~ z g aW g^G ahz (t^ v - z + \ig zz g al <kG alz = , 
e~+ (drf> + 4^d a fe) + Ug"^ (^G alz - 2<fcG a - az ) = , 



(3.34) 



and 



ig ab g ba <hvGaM + - A ig ab <t>G arz = o , 



e~* (djih + 4<f^ a fe) - \ig* (<hG aTz - 2^ h G a - z ) = , 



,.ab , 



(3.35) 



We can similarly work out the equations for world-volume M5-brane fermions. The 
fermionic bilinear terms on the M5-brane world-volume in the presence of background 
flux have been derived in [5] . Upon setting the world volume gauge flux to zero, we have 
the Dirac equation 



7 m V m £ - ^f-y mnp G mnp4 9 = . 



(3.36) 



Again, we turn on the fluxes only along the compact directions. Here, m,n,p, . . . are 
real indices. A indicates the directions transverse to the brane. We denote by a, b, . . . 
the holomorphic indices along the brane and by a, b, . . . the anti-holomorphic indices; z 
is the complex coordinate along the normal to the divisor. The spinor 9 can be expressed 
in terms of the Clifford vacuum and the creation operators as 



e = <j>\n > +^-7 2 |n > +</WH^ > +<P-z-aii zab \n > 



(3.37) 



Plugging this expression for 9 into the Dirac equation, we find 



(d^ + AgM'd^) 



+- 



Ag a *g hh 'g*\G ab v z( t> z - a ,- c - G ah - cz j>- z - a r v ) + <j* 1 g ab <t>- z G al - cz = , 



zz ab , 



(d- a <f>- z + 4g bb 'd b cf>- z - ah ,) 



±g ad 'g bb '(G abb ,- z 



G a bcz<t>a r b') + 9 ab 4>G a lcz ~ , 



d ia<Pbc] + -^g z ~ z <P-zG- a i- cz = , 

d[a<Pzbc] + ^Gabcz = ■ 

These expressions can be simplified a lot using the primitivity condition: 



(3.38) 



+ Ag bb dtfoe) - 2g aa g bb g zz G ab - cz <\>- z - a r b , = , 



{d- a <f>- g + Ag bl 'd b <p 2 - al ,) + g a ~ a, g bl 'G ab - c - z <P- a ,- b , = , 

The equations are modified due to the (3, 1)- and (4, 0)-fluxes, and so is the zero mode 
counting. To understand this better, we shall turn to the example of compactification 
on K3 x K3. 



3.2 Example: K3 x K3 

To acquire a better understanding of the above equations, we consider here the example 
of M/F-theory compactified on K3i x K3 2 with background flux [29, 10, 30]. Consider 
one of the K3s (say K3 2 ) to be elliptically flbered. Wrap the M5-brane on one of the 
divisors of the form K3 x S, where S corresponds to the P x s of the elliptic K3. Let z 
parametrize the direction normal to the brane. 

We will now briefly review the case of the flux being of type (2, 2) and primitive and 
then consider the case of general flux. Let us first analyze the case of the flux preserving 
N = 2 supersymmetry. In this case, the (2, 2)-flux must take the form 

G 4 G tf^OOi) <g> H 1 ' 1 (K3 2 ) , (3.40) 

which implies that the N = 2 flux must be a (1, l)-form in K3 2 - Since it is an elliptically 
flbered K3, we have to use the spectral sequence, which tells us that the flux belongs to 
[28] 

H°(B,R 2 Tr,R)®H 2 (B,n,R) , 

which in simple terms means that the flux has either both legs in the fiber or both in 
the base. So the N = 2 flux is always of the type G abc j or G abz2 . Contrarily to this, 
the flux appearing in the Dirac equation of the brane world-volume is always of type 
G a bcz or G abz5 . Thus for N = 2 flux, the Dirac equation does not change at all and the 
zero modes are same as those of the fluxless case. 

We now turn our attention to fluxes preserving N — 1 supersymmetry. Such a flux is 
of the form 

G 4 e (// 2 '°(X3!) ® H°'\K3 2 )) © (//°' 2 (X3!) ® H 2 >°(K3 2 )) . (3.41) 

In addition, it may contain flux of the form as given in Eq.(3.40). The susy conditions 
in presence of such a flux have been analyzed in great detail in [29]. It has been realized 
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there, that by an appropriate choice of (2, 2) primitive flux, it is in fact possible to lift 
all the complex structure as well as Kahler moduli except the overall size of the K3. It 
has also been noticed that the fluxes of the type given in eq.(3.41) stabilize both the K3s 
at an attractor point [30]. Attractive K3 surfaces are completely classified. They are in 
one-to-one correspondence with the (SL(2,Z) equivalent) matrices 

(2a b\ 
Q= U 7c)' 

where a, b and c are integers, and in addition a, c and the the determinant of Q are 
required to be positive. Two such matrices represent the same K3 if they are SL(2, Z) 
equivalent. It has been shown in Ref.[30], that the tadpole cancellation condition puts 
very strong constraints on the integers a, b and c appearing in the above matrix Q. Thus 
the N — 1 solutions are very limited and all of them can be determined. 

We now consider M5-branes wrapping divisors of the form K3 x S in presence of such 
a flux. Locally, these fluxes are of the form G ab cz, G a ^ z . The divisors under consideration 
have the cohomology 

H lfi (K3 x P 1 ) = H 3 '°(K3 x P 1 ) = . (3.42) 

Since S and 4>zai belong to these cohomology groups, they must be identically zero. We 
can now clearly see from the Dirac equations that the forms 0, 0^ are harmonic, and in 
addition we have 

9 a ~ a, 9 bl 'G ab - c - z ^ a r bl = . (3.43) 

This condition lifts the 0^g/ mode. Hence, we only have massless modes corresponding 
to e H°'°(D). Note, that all the spinors also carry an 5*0(2, l)-index, and hence there 
is a doubling of massless modes. Since H 0,0 (D) is one-dimensional, we are now left with 
two fermion zero modes, which is the right number for the instanton to contribute to 
W np . 

We now study the Dirac equations in presence of (3, 1)- and (4, 0)-flux. They take the 
simple form 

(9 c -0 + 4/ b '^0 5 ,,) = O, 
9 a ~ al 9 hV G ah - c ^- a r h , = , 

<pG- ai5S = 0. (3.44) 

Again, we find from the above that the forms 0, 0^ are harmonic. In addition, we find 
that both zero modes as well as 0^ must be zero. Thus the presence of (4, 0)-flux 
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lifts all the zero modes. As a result, we don't have any contribution to W np from the 
M5-instantons. 

We have seen in the above that we can choose an appropriate (2,2) flux preserving 
N = 1 susy, so that we have the correct number of fermion zero modes to have a 
non-perturbative superpotential. But once we include a (4,0) flux, as enforced by the 
non-perturbative term in the susy conditions, all the zero modes are lifted which means 
that it is not consistent to keep the non-perturbative term. This raises a puzzle which 
we intend to resolve in the following section. 

4 Inclusion of the non-perturbative superpotential 
into the zero mode counting 

In the last section, we have seen that a (4, 0)-component of G lifts all zero modes. On 
the other hand, the susy conditions tell us that the (4, 0)-part of G is non-zero in the 
presence of W np . So there is an apparent mismatch. The resolution of this puzzle seems 
to be to include W np into the Dirac equation which determines the number of zero modes. 
Then, G 4)0 should be balanced against W np , as it is the case for the susy conditions. 

The Dirac part of the world-volume action on an M5-brane with fluxes has the form 
[8]: 

Lf 5 = \e\i m V m + l^l^G^ - ^T mv G mnv i)\e . (4.45) 

For us, it is important to note that the corresponding Dirac equation, whose solutions 
count the number of fermionic zero modes, is essentially determined by the susy variation 
of the 11-dimensional gravitino field. This can be seen as follows [11]. The supersymmetry 
conditions on the bulk, closed string background are given by 

5ip M e = 0, (4.46) 

which is the supersymmetry transformation of the 11-dimensional gravitino. This can 
be translated to the linear part of the Dirac equation from the world-volume action as 
follows: 

(l-T M5 )T a 5^J = 0. (4.47) 

Here, Sip a is the pull-back of the gravitino variation to the brane via Sip a = 5ipMd a x M 
and T a = Y 'Are^<9 Q x M ■ Therefore, one sees that the pull-back of the bulk gravitino 
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equation is equivalent to a solution of the Dirac equation. Furthermore, one has to take 
into account the constraint from ^-symmetry on the M5-brane: 



(l + r M5 )# = 0. (4.48) 

The number of zero modes is then given by the difference between the numbers of solu- 
tions of these two equations. 

As we have already stated, we can recover the M5-brane world-volume action eq.(4.45) 
by using the explicit expressions for the internal gravitino variations in the absence of W np 
in eq.(4.47). We have already seen in §2 that turning on W np alters the susy equations 
in the effective potential, as the effective superpotential now is W = Wfi ux + W np . This 
addition should be described by the modulino equations, i.e. 5<p l = 5(f) 1 = should be 
now equivalent to DWfi ux + DW np = 0. 

Substituting the expressions for the internal gravitino transformations with the general 
fluxes in (4.45), one obatins 

(9 c -0 + 4g bb ' d b d>- b ,,) - 2g a * 'g bb ' ' g z ~ z G ab - cz <t>- zal - v = , 
{8- a <P- z + Ag bl ' d b <P- z - al ,) + g aa 'g b ~ b 'G ab - cz( p- a r b , = , 

d [a4>bc] + -^9 ZZ (t>zG- ab - cz = , 

d^m] + ^G- ab - c - z = . (4.49) 

This is a set of local equations in the internal space. Every summand of (4.49) vanishes 
separately. This means that the set of equations 

G a bcz4> abZ — ) 
G a bcz<p ab = , 

G^J Z = 0, 

= (4.50) 

is preventing the 0, fa, (fa and <fa^ to be non-trivail zero-modes in the case of general 
flux G 3 . On the other hand G mnpq correspond to the three-dimensional constant scalar 
fields which one obtains as coefficients by expansion of G 3 in the harmonic basis on CY±: 

fc(3,l) 

G 4 = G abcd dz a A dz h A dz c Adz d + Gmcd^ ^ 

i=i 

, \ " £jk jjjk abed . \ 1 qI abed 

/-^i abed Z^/ abed 

k=l _ i=l 

+ G^dz~ a A dz b A dr A dz d (4.51) 
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with u k being basis elements of H 2 ' 2 . Since if 2 ' = 0, they can be expressed in terms 
of the basis elements uj 1 of if 1 ' 1 as uj k = A u; J . The scalar fields G, G k , G 1 

are related to the flux superpotential by (2.22) and (2.23). From the modulino equations 
(2.27) we see that W Rux has to be replaced by W = W &ux + W np . This corresponds to the 
modification of G to 

G 2 ,2 ■ G ab -^ = G ah — d , 

G\,s ■■ G^ d = e a ^ d D l W = G^ d + e a ^ d D l W np , 

r ■ r -e DlW -r + f DlWnp uv) 

^0,4 • ^-^d - € abcd a - ^ab^d + € abcd a rs " V±^ 1 ) 



This amounts to modifying the world volume action (4.45) in presenc of the nonper- 
turbative superpotential, where we now replace G by G. It is than straightforward to see 
that, using the susy conditions DiW = DjW = 0, the Dirac equation can be expressed 
as: 

(9 c -0 + 4/ b '9 6 5 , c -) = O, 

{d- a <p- z + Ag hl ' d b <p- z - al ,) + g aa 'g bi 'G ab - c - z( p a r b , = , 

d[a<Pbc] = , 

9[ a ^ = 0. (4.53) 

These conditions are identical to the ones coming from (2, 2) primitive flux without W np . 
The (4, 0)- and (3, l)-parts of the flux are compensated by the nonperturbative term. 
As a result, we find that the number of fermion zero modes is unaltered. The apparent 
mismatch of the two answers in the previous section was due to the fact that we had 
then ignored the back-reaction of the instanton on the background flux and the geometry. 
Once we take care of this by modifying the fermionic terms accordingly, we obtain the 
expected result. 

For the type IIB Euclidean _D3-brane, the story is very similar, hence we will be very 
brief in the following. The Dirac Lagrangian can be written in terms of the type IIB 
gravitino variation, where in addition also the dilatino variation appears: 

Lf = l -e^^~g 9(1 - T m )(T a 5^ a - SX)9 , (4.54) 

where the bulk susy variations are 5ip m = and 5\ = 0. Substituting the expressions for 
5ip m and 5X without W np into the above equation yields 

L m = 2jdd~g 9 {e- VV m + \G mni> i mn ^ 9 . (4.55) 

Once we use the modified expressions for 5(j) k , 8(f) 1 , 5(f) 1 and 5\ in presence of W np , we 
replace G by 

G 2 ,l '■ G ab c = G a bc , 
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G l,2 : G a Tc ~ G aYe + e aTc D i W np , 

r ■ r -r DlW - r ■ r DlWnp 

^0,3 • ^abc — t abc q j£ ~ ° abc fc abc ^ ^ > 

^3,0 : G^ = e afec (f-r) J D r ^ =G^: + e abc (f-r) J D / ^ rip . (4.56) 

We can similarly analyze the Dirac equations. As expected, the number of fermion 
zero modes remains the same as in the case of primitive (2, l)-flux without the non- 
perturbative term. 
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A Dimensional reduction of 5ip m 



We demonstrate the dimensional reduction of the supersymmetric variation of the grav- 
itino on CY 4 . 

Firstly, we write the internal gravitino variation using holomorphic and antiholomor- 
phic indices. 

1 



5lp e = 



V e + 



24 
1 



V e - + - (Zl bcd G- eb - d + 



(A.57) 



ip m is a vector-spinor, where m is an internal vector index which transforms in 
the 4©4 representation of SU(4). The spinor index of the eleven dimensional 
gravitino transforms in the 32 under 5*0(1, 10). After compactification on a 
CY4, SO(l, 10) is broken to SU(4) x 50(2,1) and the spinor transforms in the 
(1, 2) © (4, 2) © (6, 2) © (4, 2) © (1, 2). This means that ip e can be written as a sum 
of (0,p)-forms with one additional holomorphic or antiholomorphic index. 



i, e = <j> e \n> +<j> e - al a \n > +<j>- b i ab \n > > +0 e ^7 a H^ > ■ (A.58) 

Note that ip e in (A.58) has an additional spinor index which transforms in the 2 of 
50(1, 2). The rhs. of (A.57) is also such a spinor. £ can be written as £ = e © 77, where 
i] is a covariantly constant spinor on the CY4 and e a supersymmetry parameter in the 
non-compact dimensions. We write £ as 



abed 



abed 



n > 



(A.59) 
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and should remember that £ has an additional index which transforms in the 2 under 
50(1,2). The rhs. of the first equation in (A.57) is then 



He = 



1 



Ve+ 2l 



bed 



Ve > +4^7^ >) + jGaartYin > +^G e ^ 7 ^|fi > (A.60) 



The open index e corresponds to a one-form index, which means that we have a collection 
of (l,p)-forms. 5 We compare the forms of the same type on both sides and obtain the 
following set of equations: 

1 



5 U ea 'f\n> 



4 



^(to a ^>) = o, 

These are the only forms from (A.60), which do not vanish on a CY 4 . 



(AM) 



Let us look at the second equation of (A.57) where the additional index is antiholo- 
morphic. To see this index as a form index we have to make it holomorphic. This can 
be done by applying Serre's generalization of Poincare duality 

4>abc = ^eg^Uabce , (A.62) 

where uj abce is the (4, 0)-form of the CY4. 

= 9 e ^ abce (V e - + \G sf - h gfS S + Y± G ^ W ) > I" ^ A ' 63 ) 

Again, comparing the forms of the same type gives us 



S ($abcab 



abcabc 



n > 


1 


= A 9 


n > 


= 0, 


n > 


1 




24 



g^abceG^-jft^iin > 



(A.64) 



Eqs. (A. 61) and (A.64) can be expanded in the basis of harmonic forms on the CY4 
as follows: 



S (& w (1.3)) = ft^(l,3)l 



5 We can introduce a second set of gamma matrices, which will commute with the first one, so for 
example 4 > ai ... ap a 1 ...a q l ai ■ ■ . ; y ap j ai . . .j aq \il > will correspond to a (p, g)-form. Here we will omit the 
second set of gamma- matrices to make the equations more transparent. A detailed explanation of this 
formalism is given in Chapter 15 of [31]. 
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5 (<M>(i,i)) = 

<*(&"(1,2)) = 

<*(<M 2 ,3)) = (A.65) 

where and ^( li3 ) are basis elements of H^^CY^) and if 1,3 (C>4) respectively. 

If we repeat the calculations for the type IIB case, we obtain an equation for the 
(1, 2)-form, another one for the (2, 2)-form and (3, 0)-form for the dilatino: 



^fe^>) = ^^f|Q> . (A.66) 

The second equation corresponds to the (2, 2)-form 6 after applying Serre's duality and 
to a (1, l)-form by forming the Hodge dual. 

These equations (A.66) can be expanded in the basis of harmonic forms on the CY 3 
and written then as 

6 (0*^(1,2)) = 9i w (i,2)l » i = l,...,/i (2,1) , 

5 = 9i w(i,i)£ , I = l,...,h {1 ' 1) , 

S(X^u; m ) = 9 ( °' 3) ^o, 3) i • (A.67) 

0i, 0/ and A^ ' 3 ^ correspond to the 4-dimensional complex structure modulinos, the Kahler 
modulinos and the dilatino respectively. 

Finally, let us rewrite the variation of the modulino fields as it will be needed for our 
investigation: 

For the M-theory case: 

= \{G eb r d 9 bl ) k i: k = l,...,h^, 

^^eabc 24^ ea ' ,c ^ ' i I, ■ ■ ■ , h , 

^ = ^<W> 1=1,...,^). (A.68) 

For the type IIB case 

*fa = ~l G lJ* - T^9e^ aVc t , i = 1, ■ ■ ■ , ^ (2 ' 1} , 



6 Note, that in this notation the holomorphic indices correspond to the holomorphic part of the form 
and vice versa. The antiholomorphic index e has no meaning as form index before applying Serre's 
duality. That is why we put | there to prevent its mixing with the antiholomorphic indices. 
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^\aS = -^C, I=l,...,h™, 

= {Gad*- (A-69) 

We label the modulinos with the indices k,i,I. Additionally, they have indices from 
the beginning of the alphabet. Let us briefly comment about this. 

A (p, g)-form v can be expanded in the basis of harmonic (p, g)-forms u l : v = 
In the case of a complex manifold, the number of the harmonic forms is given by the 
corresponding Hodge number h^ p ' q \ On the other hand we can write the form in every 
local patch as v = u ai _„ ap a 1 ...a q dz ai A. . .Adz ap Adz ai A. . .Adz aq . If v ai ...a p ai...a q are constant, 
they should correspond to the coefficients v { . The whole v ai _ ap a 1 ...a q i n & U coordinate 
patches span a vector space, in which so many f 01 ... a 01...0, are linearly dependent by 
the transition functions that the dimension of this vector space is h^ p ' q \ The linearly 
independent combinations of v ai ...a p S1...0, are then in one to one correspondence to the 

Vi- 
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